Abstract. We investigate a descent on simple graphs, starting with the complete graph on n vertices and ending up with the cycle graph by removing one edge after another. We obtain quantitative results showing that graphs with large diameter must have some eigenvalues of large algebraic degree.
Which graphs have integral spectra?
This question is the title of an interesting article of Harary & Schwenk from 1973/74; they wrote "We develop a systematic approach to this question based on operations on graphs. The general problem appears intractable" [4] . The spectrum of a graph is the set of eigenvalues of the associated adjacency matrix. The quest of characterizing adjacency matrices for which all eigenvalues are integers seems to be a challenging project, there is no satisfying answer so far. In this paper, we investigate the definitely easier question which graph properties prevent integral eigenvalues. Since all eigenvalues are algebraic integers, it is natural to have a closer look on the algebraic degree of those numbers (i.e., the degree of the minimal polynomial with integer coefficients annihilating this eigenvalue) and ask whether this degree is related to some properties of the underlying graph. It seems that this question has not been studied before.
For our purpose we investigate a descent on simple graphs with respect to algebraic properties of the eigenvalues of the associated adjacency matrices. It appears that a graph with large diameter has some eigenvalues of large algebraic degree. This is well illustrated in the table below listing the diameter and the maximum of all algebraic degrees of eigenvalues for the complete graph K n , the complete bipartite graph K m,ℓ with n = m + ℓ, the Payley graph P (n) (existent if n ≡ 1 mod 4 is a prime power), and the cycle graph C n on n vertices, respectively. In the following section we shall provide some graph-theoretical background for our study and present the main idea to prove the observation mentioned above.
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A descent on graphs
Let n 3 be a positive integer. We remove sequentially edges from the complete graph K n on n vertices until we end up with the cycle graph C n . This leads to a sequence of (undirected) graphs
where G m+1 results from G m by removing one edge and M = ♯E(K n ) − ♯E(C n ) = 1 2 n(n − 3). Of course, the sequence of subgraphs G m of K n is not uniquely determined. It appears that not every connected undirected graph without loops and multiple edges can be an element of this sequence; for instance, if n is odd, then the sequence cannot contain any k-regular graph with odd k since the number of edges is equal to 1 2 kn. Apart from that there are no further obstructions. McKay & Wormald [7] gave an asymptotic formula for the quite big number of regular graphs. Moreover, for ending up with C n we may not diminish edges such that the degree of any vertex is less than 2.
Notice that all eigenvalues are real since the associated adjacency matrices A(G m ) are all symmetric. It follows from the Perron-Frobenius theorem that the largest eigenvalue λ (m) 1 from the spectrum of the adjacency matrix of G m is decreasing with increasing m, that is (see [1] , p. 33). For k-regular graphs it is well known that the largest eigenvalue is equal to k, and this eigenvalue is simple if the graph is connected (as in our descent). Moreover, the least eigenvalue is bounded below by −k with equality if, and only if, the graph is bipartite. Since K n is regular of degree n − 1 and C n is regular of degree 2,
In the general case, if the maximum degree of the vertices of G m is k, then
Hence, while descending from K n to C n the degree of regularity decreases and so the interval for the possible integer eigenvalues shrinks. Furthermore, the diameter of G m (i.e., the maximum of the minimal lengths of paths connecting vertices of G m ) increases from 1 in the case of the complete graph K n to ⌊n/2⌋ for the cycle C n , where ⌊x⌋ denotes the largest integer x. Obviously, removing edges cannot lower the diameter. Since a graph with diameter δ has at least δ + 1 distinct eigenvalues (see [1] , p. 5), it thus follows that a necessary condition for a graph G m of maximum vertex degree k from our sequence to have integral spectrum is
Thus, whenever 2k < δ with k being the maximum vertex degree of G m , there exists a non-integral eigenvalue within the spectrum. Actually, there are at least two distinct non-integral eigenvalues as we shall show now.
3.
A little algebra and some graph spectra
The eigenvalues of G are the roots of the characteristic polynomial χ = det(XI − A), where A is the adjacency matrix of G. By definition, χ is a monic polynomial with integer coefficients. By Gauss' lemma (see [8] , p. 367), then also all irreducible factors of χ in Q[X] are monic and have integral coefficients. Therefore, all eigenvalues are real algebraic integers. It seems that Hoffman [5] was the first to mention this explicitly; moreover, he noticed that with such an algebraic integral eigenvalue λ also all its conjugates (that are the other roots of the irreducible polynomial factor of χ) are eigenvalues too, which implies that every eigenvalue has to be a totally real algebraic integer (which rules out numbers as 1/2 and 3 √ 4 from the spectrum). In particular, every non-integral eigenvalue λ has at least one non-integral companion, namely its conjugates and their number equals the algebraic degree of λ and its minimal polynomial, respectively. For this and other basic facts from algebraic number theory we refer to [8] ; the following graph spectra can be found in [1] .
The complete graph G 0 = K n on n vertices has the simple eigenvalue n−1 and another eigenvalue −1 of multiplicity n − 1, which we write
for short. The first deviation from an integral spectrum in our descent are quadratic irrational eigenvalues, already appearing for the graph G 1 , that is K n minus one edge. This class of graphs has also been studied by Stark & Terras; [11] in context of zetafunctions associated with graphs. Here we find
notice that the quadratic irrational eigenvalues are conjugate elements in the ring of integers of the number field Q( √ n 2 + 2n − 7). Further well-known examples are the bipartite graphs K m,ℓ with spectrum
and the 1 2 (q − 1)-regular Paley graphs P (q) for prime powers q = p f ≡ 1 mod 4 having spectrum
Here the eigenvalues are real quadratic irrationals as well (except K m,ℓ when mℓ is a perfect square). Finally, we end up our descent with the 2-regular cycle graph C n on n vertices which has spectrum spec(C n ) = {2 cos(2πj/n) : 0 j < n};
all eigenvalues appear with multiplicity 2 except λ = ±2 which are simple, where λ = −2 is an eigenvalue if, and only if, C n is bipartite (i.e., when n is even). It appears that all eigenvalues lie in the ring of integers Z[ζ n ] of the maximal real subfield Q(ζ n + ζ −1 n ) of the cyclotomic field Q(ζ n ) of order n; here ζ n is a primitive nth root of unity, = exp(2πi/n) say, and the degree of the primitive element ζ n + ζ −1 n is 1 2 ϕ(n), where ϕ(n) is Euler's totient counting the number of positive integers less than n coprime to n. For details about cyclotomy we refer to [13] .
Degree inequalities
Before we continue with counting quadratic irrationals and deducing a criterion for eigenvalues of algebraic degree at least three, we mention another approach to nonintegral spectra based on the degrees of the vertices. Given a graph G on n vertices v 1 , . . . , v n , the largest eigenvalue λ 1 satisfies the following inequalities,
(see [1] , p. 33); if G is a regular graph minus one edge, G = K n − e say, it follows from the theorem of Perron-Frobenius that λ 1 is strictly smaller than n − 1 (the regularity degree of K n ). Moreover,
Thus, λ 1 cannot be integral (as we already know from (1)). Of course, we do not get any information about the algebraic degree of this eigenvalue. Using in addition that the trace of the associated adjacency matrix A(G) is zero (so all eigenvalues add up to zero), that the trace of A(G) 2 equals twice the number of edges, and further relations of the trace of powers of A(G) (see [3] , p. 151, 158), one can deduce that the graph with least number of vertices having at least one eigenvalue with algebraic degree strictly larger than 2 is the cycle graph C 5 on five vertices plus one edge (see Figure 1 for its appearance in our descent). In fact, for n = 5 all possible spectra consisting of totally real algebraic integers of degree ≤ 5 are ruled out subsequentially by the conditions on A(G) j for 0 ≤ j ≤ 4. It turns out that C 5 plus one edge has two integral and three cubic eigenvalues; the corresponding characteristic polynomial is χ = X(X + 2)(X 3 + 2X 2 − 2X − 2).
Counting quadratic algebraic integers
For a positive integer k let a(d, k) denote the number of totally real algebraic integers α of degree d for which α and all its conjugates lie inside the interval [−k, k]. In view of a(1, k) = 2k + 1 we derived in Section 1 the existence of an eigenvalue which is an algebraic integer of degree at least 2 (and according to the degree they come in pairs, triples and so on) whenever the diameter δ exceeds 2k. Next we shall compute an upper bound for a(2, k) in order to compute when in our descent the size of the diameter will force the number of distinct eigenvalues to exceed the number of integers and real quadratic irrationals in the spectrum interval.
For this purpose we consider monic quadratic polynomials with integer coefficients,
say. We shall count those polynomials for which the roots α 1 , α 2 lie inside the interval [−k, k]. In view of
the number a(2, k) of totally real quadratic algebraic integers satisfies
In order to count totally real algebraic integers α 1 , α 2 of degree 2 the discriminant b 2 − 4c has to be positive and not a perfect square. Taking this into account one could easily obtain a better bound, for the sake of simplicity, however, we leave this to the interested reader. We observe, that a(2, k) ≤ 17k 3 for all sufficiently large k. Assume that G is a graph with diameter δ and the maximum vertex degree is at most k. If δ+1 > a(1, k)+a(2, k), then there are some algebraic integers in the spectrum whose algebraic degrees are at least 3. In view of our rough bounds a sufficient inequality for this to happen is δ ≥ 17k
3 for large k. This inequality is not necessary for an eigenvalue with algebraic degree at least 3.
Some algebraic number theory
For the general case we shall now estimate the number a(d, k) of totally real algebraic integers α of degree d such that α and all its conjugates lie inside the interval [−k, k]. Recall that every algebraic integer α of degree d is the root of a monic irreducible polynomial P α with integer coefficients of degree d. Obviously, P α is uniquely determined and its d roots are called the conjugates of α which we denote by α 1 := α, α 2 , . . . , α d . Thus,
The discriminant of P α is given by
Since all conjugates lie in the interval [−k, k], we have |α i − α j | 2k and
, at least one of the conjugates of α lies outside [−k, k]. Since a rough bound for the quantity a(d, k) in question is sufficient for our purposes (and, as we shall see below, a tight bound is much harder to find), we drop the condition on α to be totally real.
Moreover, since every algebraic integer of degree d is an element of a number field F of dimension (or degree) d, considered as a Q-vector space, we may first count all algebraic integers α within a fixed F of degree d having all conjugates in [−k, k].
If θ 1 , . . . , θ d denote the d different embeddings of the number field F into C, then the conjugates of α are given by θ 1 (α), . . . , θ d (α) which, of course, are also algebraic integers of the same degree (but not necessarily elements of F). Let
Obviously, P is finite and consists of ♯P = (2M + 1) d elements. Then
A := {α ∈ F : P (α) = 0 for some P ∈ P} is finite too with
Denote by s 1 , . . . , s d the elementary symmetric polynomials of order d. If α ∈ F satisfies |θ j (α)| k for j = 1, . . . , d, then
Since α is an algebraic integer, all s j (θ 1 (α), . . . , θ d (α)) are rational integers and so are the coefficients of the minimal polynomial of α (since the coefficients are elementary symmetric polynomials of the roots). Thus, P α ∈ P which implies α ∈ A.
(This is essentially Theorem 2.37 in Mollin's monograph [8] , p. 90, providing bounds on absolute values.) Since
In order to bound a(d, k) it remains to count how many fields F of degree d make contributions. For this purpose we first notice that every number field has a primitive element, say F = Q(α) (so we do not forget to count any α), and observe that fields F with a discriminant too large make no contributions at all.
The discriminant of a number field F is equal to the discriminant of any integral basis B for F, i.e., ∆ F = disc (B). If B consists of the elements α 1 , . . . , α d , then its discriminant is given by disc (B) = det(θ j (α i )) 2 .
We may form a basis from the consecutive powers of α. Then the discriminant of this basis coincides with the one of the minimal polynomial P α of α,
Although in general {1, α, . . . , α d−1 } is not an integral basis, in view of
] stands for the index of the module generated by the powers of α in the ring O F of algebraic integers in F (which is a positive integer), and (3) we may restrict our counting on those F satisfying
With Minkowski's bound from his geometry of numbers one could also provide a lower bound for the discriminant with respect to the degree d, however, this would not improve our rough estimate for a(d, k) significantly. In order to derive an upper bound for a(d, k) we now just need to count how many extensions F of Q with fixed degree d and discriminant ∆ F satisfying (5) exist. Unfortunately, this seems to be a difficult task! In fact, it has been conjectured that the number N (d, x) of algebraic number fields F of given degree d and of discriminant |∆ F | x is asymptotically equal to N (d, x) ∼ c d x, where c d is an absolute constant, depending only on d. So far this has been confirmed for quadratic and cubic extensions only, i.e., ∆ F 3. Schmidt [10] obtained the estimate
There are notable improvements on this bound: the present best estimate for aribtrary degree is due to Ellenberg & Venkatesh [2] ; for the sake of simplicity, however, we prefer to use the less complicated and by far more explicit bound due to Schmidt.
In view of (4) and (5) we finally arrive at
For sufficiently large k this quantity is less than d2
And for d = 2 this bound is of order k 4 which is worse than our estimate for the quadratic case, so we shall not expect our estimates to be close to the truth. The point here is just that one can derive such a bound.
Anyway, if the diameter satisfies δ + 1 > a(1, k) + . . . + a(d, k), then there is some algebraic integer in the spectrum whose algebraic degree is at least d + 1. In view of our bounds such an eigenvalue exists if δ ≥ d2
for large k. So our rough conclusion is that a large diameter forces the spectrum to have some eigenvalues of large algebraic degree.
A final remark about our descent. Kronecker [6] showed that if α is a non-zero totally real algebraic integer which is not of the form 2 cos(πr) with rational r, then the largest absolute value of the conjugates of α is strictly larger than 2. Robinson [9] showed that Kronecker's result is best possible: for every interval of length larger than 4, there are infinitely many full sets of conjugates of algebraic integers lying in this interval. The difference to our descent is that the algebraic integers appearing in our descent have bounded algebraic degree.
Graphs with many edges and eigenvalues with large algebraic degree
Taking our observations on graphs with eigenvalues of large algebraic degree into account we may ask how soon can they appear in our descent? In other words: what is the minimal number of edges we have to remove from K n to have a graph having an eigenvalue of algebraic degree at least d?
We cannot answer this question but provide an example (which might be optimal in some sense). For this aim we recall that the complement of a simple graph G = (V, E) is defined as the graph G having the identical set of vertices and edges exactly there where G has no edges, i.e., if G = (V, E), then e ∈ E if, and only if, e ∈ E. If G is a k-regular graph on n vertices and its eigenvalues are given by λ 1 = k . . . , λ n , then G is n − k − 1 the eigenvalues of G are given by
(for this basic theorem from spectral graph theory see [1] , p. 4). = + Figure 3 .
If we remove n edges in form of a cycle graph C n from K n , then we obtain an n − 3-regular graph G n with 1 2 n(n−3) edges. Since G n is the complement of C n , it thus follows from (2) that the spectrum of G n is given by spec(G n ) = spec(C n ) = {n − 3, −1 − 2 cos(2πj/n) : 0 < j < n}.
Thus, after removing only n edges one can arrive at a graph having eigenvalues of algebraic degree 1 2 ϕ(n). Obviously, we have ϕ(n) ≤ n − 1 with equality if, and only if, n is prime. In the other direction it is known that lim inf n→∞ ϕ(n) · log log n n = exp(−γ), where γ := lim N →∞ ( n≤N 1 n − log N ) = 0.577 . . . is the Euler-Mascheroni constant (see [12] , p. 85); this shows that ϕ(n) is almost of size n (and explains the corresponding entry in the table of the introductory section). Thus, the eigenvalues of a cycle graph C n have algebraic degree almost as large as possible. Are there graphs having eigenvalues of degree closer to n? Figure 4 . Two graphs looking rather similar but having rather different spectra. Figure 4 shows two graphs each of which with n = 7 vertices and 10 edges in almost the same configuration. The characteristic polynomial of the graph on the left splits over the rationals completely, so the spectrum is integral: {3 [1] , 1 [2] , 0 [1] , −1 [1] , −2 [2] }. On the contrary, the characteristic polynomial χ = X 7 − 10X 5 + 4X 4 + 21X 3 − 8X 2 − 8X + 2 of the graph on the right is irreducible and therefore all its seven eigenvalues have algebraic degree 7.
Can we generalize from this example? Let Γ n be the graph on n vertices with adjacency matrix A = A(C n ) + B + B ⊤ with A(C n ) being the adjacency matrix of C n with all entries equal to 1 next to the diagonal and B is the n× n-matrix with zero entries except for the first row (0 · · · 0 1 1 0 1 0)); here B ⊤ denotes the transpose of B. Numerical experiments show that the characteristic polynomials χ n of Γ n are irreducible for n = 7, 8, . . . , 20, however, we could not find any proof for the case of an arbitrary n ≥ 7 so far.
